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Abstract 

We apply the tunneling process of charged massive particles through the quantum horizon of a 
Reissner-Nordstrom black hole in a new noncommutative gravity scenario. In this model, the tun- 
neling amplitude on account of noncommutativity influences in the context of coordinate coherent 
states is modified. Our calculation points out that the emission rate satisfies the first law of black 
hole thermodynamics and is consistent with an underlying unitary theory. 
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I. INTRODUCTION 

Over three decades ago, Stephan Hawking [l| found that, utihzing the procedure of 
quantum field theory in curved spacetime, the radiation spectrum is almost like that of a 
black body, and can be described by a characteristic Hawking temperature with a purely 
thermal spectrum which yields to non-unitarity of quantum theory where maps a pure 
state to a mixed state. It has been proposed that Hawking radiation can be extracted 
from the null geodesic method suggested by Parikh and Wilczek p]. In their method, 
they take the back-reaction effects into consideration and present a leading correction to the 
probability of massless particles tunneling across the horizon. The tunneling process clarifies 
that the extended radiation spectrum is not precisely thermal which leads to unitarity. 
Recently, Nicolini, Smailagic and Spallucci (NSS) js] derived that black hole in a new model 
of noncommutativity does not allow to decay lower than a minimal mass Mq, i.e. black hole 
remnant (see also |4, 5|) . If we really believe the idea of stable black hole remnants due to 
the fact that there are some exact continuous global symmetries in nature joj, and also do 
not find any correlations between the tunneling rates of different modes in the black hole 
radiation spectrum, then these leave only one possibility: the information stays inside the 
black hole and can be retained by a stable Planck-sized remnant [3, 58 1. Although, this 



issue is then accepted if information conservation is really conserved in our universe. Thus 
we proceed our work with hope that this model of noncommutativity can provide a way to 
explain how the charged black hole decays, particularly in its final stages. 

The NSS model of noncommutativity of coordinates that is carried on by the Gaussian 
distribution of coherent states, is consistent with Lorentz invariance, Unitarity and UV- 
finiteness of quantum field theory 



Since the noncommutativity of spacetime is an 



innate property of the manifold by itself even in absence of gravity, then some kind of 
divergences which emerge in general relativity and black hole physics, can be removed by it. 
Then with hope to cure the divergences of evaporation process of black hole physics we apply 
both back-reaction and noncommutativity effects to proceed the radiative process. The plan 
of this paper is the following. In Sec. HIl we perform a brief discussion about the existence 
of black hole remnant within the noncommutative coordinate fluctuations at short distances 
(noncommutative inspired Reissner-Nordstrom solutions). We pay special attention to study 
of Hawking temperature. In Sec. Illlt a detailed calculation of quantum tunneling near the 



2 



smeared quantum horizon by considering a new model of noncommutativity is provided. 
The tunnehng amphtude at which charged massive particles tunnel across the event horizon 
is computed and its applicability for the Reissner-Nordstrom black hole is discussed. And 
finally the paper is ended with summary (Sec. lIVp . 



II. NONCOMMUTATIVE REISSNER-NORDSTROM BLACK HOLE 



There exist many 



Moyal *-product 
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brmulations of noncommutative field theory based on the Weyl-Wigner- 



171 ] that lead to failure in resolving of some important problems, such as 



Lorentz invariance breaking, loss of unitarity and UV divergences of quantum field theory. 
But recently, Smailagic and Spallucci 



10 



14| explained a fascinating model of noncom- 



mutativity, the coordinate coherent states approach, that can be free from the problems 
mentioned above. In this approach, a point-like mass M, and a point-charge Q instead of 
being quite localized at a point, are described by a smeared structure throughout a region 
of hnear size \/6. The approach we adopt here is to look for a static, asymptotically flat, 
spherically symmetric, minimal width, Gaussian distribution of mass and charge whose non- 
commutative size is determined by the parameter To do this end^ we shall raodel the 
mass and charge distributions by a smeared delta function p (see 



N) 
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The line element which solves Einstein's equations in the presence of smeared mass and 
charge sources can be obtained as 



ds' = ~ 1 



^ 2M, ^ Ql 



2\ -1 



(2) 



where Mq and Qe are the smeared mass and charge distributions respectively and can im 
plicity be given in terms of the lower incomplete Gamma function. 



Me 



2M / 3 

M 2 ' 49 



Throughout the paper, natural units are used with the following definitions; h = c = G = 
= 1. In the limit ^ — )■ 0, the noncommutative (modified) Reissner-Nordstrom solution 



reduced to the commutative (ordinary) case and Mg — )• M, Qg ^ Q as expected. The 
outer and inner horizons of this hne element can be found where goo{i^e±) = 0, which are 
respectively given by 



(3) 



The noncommutative horizon radius versus the mass and charge can approximately be cal- 



culated by setting r-t = M ± iyM^"^^"Q^ i^to the lower incomplete Gamma function as 



r,± = r,±(M, Q) = Mg± ± ^/Mf^ - Ql^, 



(4) 



with 



Me± = Me±{M, Q) = M 



46 



where £{x) shows the Gauss Error Function defined as 



£{x) = ^ e-''dt. 



For very large masses, the £ tends to unity and the exponential term will be 

reduced to zero and one retrieves the classical Reissner-Nordstrom horizons, rg± r± = 

The radiating behavior of such modified Reissner-Nordstrom black hole can now be found 
to calculate its temperature as follows 



Th = 



1 c^fi'oo 



Att dr 



=re+ 



Anr, 



r|+exp (-^ 



^'^ M 2' 461 



(f (1.%)- 1^, (1, % 



(8) 



For the commutative case, ^ ^+V'^ _Q_^ _^ qj^q recovers the classical Hawking temper- 



ature, Th 



. The numerical calculation of such noncommutative Hawking 

temperature as a function of rg^, for some values of Q is presented in Fig. [TJ In this modi- 
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FIG. 1: Black hole temperature, TuVd, as a function of (the outer horizon radius), for some values of Q. On the 
right-hand side of the figure, from top to bottom, the curves correspond to Q = 0, 1, 2, 3, 4, 5, 6 and 7, respectively. The 
top temperature reduces with growing Q. The existence of a minimal non-zero mass and disappearance of divergence are clear. 
In fact as a result of coordinate noncommutativity the black hole temperature falls to zero at the remnant mass. 



fied version, not only the Hawking temperature does not diverge at all but also it reaches a 
maximum value before dropping to absolute zero at a minimal non-zero mass, M = Mq, that 
black hole shrinks to. In other words. Fig. [T] shows that coordinate noncommutativity yields 
to the existence of a minimal non-zero mass which black hole can reduce to. Therefore, in 
the noncommutative framework, black hole doesn't evaporate completely and this leads to a 
Planck-sized remnant including the information. So information might be preserved in this 
remnant. However, it is not conceivable to date to give a clear answer to the question of 
the black hole information paradox and this is reasonable because there is no complete self- 
consistent quantum theory of eva por ating black holes (for reviews on resolving the so-called 



information loss paradox, see 



22-|27|). 



In this situation, we should note that our calculation to obtain the Eq. ([5]) is accurate 
and no approximation has been made. If we want to acquire the simple rg-t-dependent form 
of the noncommutative Hawking temperature, then it can be approximated as follows 

k{M, Q) 1 re+ - re^ 



H 



An 



(6) 
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where k{M, Q) is the noncommutative surface gravity at the horizon and is given by 



4M.Q)^'J^±-^. (7) 

In Sec. mil we will use this approximate expression to compute the tunneling probability 
when the first law of black hole thermodynamics is applied (see Eq. (I25l)). 



III. PARIKH-WILCZEK TUNNELING AS CHARGED MASSIVE PARTICLES 

We are now ready to discuss the quantum tunneling process in the noncommutative 
framework. To describe this procedure, where a particle moves in dynamical geometry and 
pass through the horizon without singularity on the path we should use the coordinates 
systems that, unlike Reissner- Nordstrom coordinates, are not singular at the horizon (the 



outer horizon). A particularly convenient choice is Painleve coordinate 
by definition of a new noncommutative time coordinate. 



28 



which is obtained 



rJ2Me+r - 



' I 

dt = dtr + 2Me^^. _^ Q2^ dr = dt. + rft.,., (8) 

where t. is the Reissner time coordinate, and 

dtsyn = -—dr. (9) 
fl'oo 

Note that only the Reissner time coordinate is transformed. Both the radial coordinate and 
angular coordinates remain the same. The noncommutative Painleve metric now immedi- 
ately reads 

ds^ = goodt"^ + 2goidtdr + gudr'^ + g22dd'^ + gzj.dip^ 



_ ( 1 _ ^ + ^\ + - ^dtdr + dr' + r\dd-' + sin^ M^') . (10) 



It should be stressed here that the Eq. ([9]), in accord with Landau's theory of the synchro- 



nization of clocks 291], allows us to synchronize clocks in any infinitesimal radial positions 
of space {dd = d<f = 0). Since the tunneling phenomena through the quantum horizon i.e. 
the barrier is an instantaneous procedure it is important to consider Landau's theory of the 
coordinate clock synchronization in the tunneling process. The mechanism for tunneling 
through the quantum horizon is that particle anti-particle pair is created at the event hori- 
zon. So, we have two events that occur simultaneously; one event is anti-particle and tunnels 



into the barrier but the other particle tunnels out the barrier. In fact, the Eq. (Q mentions 
the difference of coordinate times for these two simultaneous events occurring at infinitely 
adjacent radial positions. Furthermore, the noncommutative Painleve-Reissner-Nordstrom 
metric exhibits the stationary, non-static, and neither coordinate singularity nor intrinsic 
singularity. 

To obtain the radial geodesies of the charged massive particles' tunneling across the 
potential barrier which are different with the uncharged massless j?! and also the uncharged 
massive 8| ones, we follow the same noncommutative method in this work but now extended 
to the case of charged massive particles. According to the non-relativistic quantum theory, de 
Broglie's hypothesis and the WKB approximation, it can be easily proved that the treatment 
of the massive particle's tunneling as a massive shell is approximately derived by the phase 
velocity Vp of the de Broglie s-wave whose the relationship between phase velocity Vp and 



group velocity Vg is given by |30l-l32| 



Vp = r = -Vg, (11) 

over dot abbreviates ^. In the case of dd = d^p = 0, according to the relation Qj, the group 
velocity is 

Vg = - — . (12) 

fl'oi 

Thus, the outgoing motion of the massive particles take the form 

^00 - 2Me+r + Q^^ 
r = = (13) 

^901 2r^2Me+r - Qj^ 
If we suppose that t increases towards the future then the above equations will be modified 



by the particle's self-gravitation effect 



33 



34| (see also 



35 



36|) . To assure the conservation 



of energy and electric charge, we fix the total ADM mass (M ) and electric charge (Q) of the 
spacetime and permit the hole mass and its charge to fluctuate. In other words, we should 
replace M hj M — E and Q hj Q — q both in the Eqs. ffTOj) and f|T3|) . because the response 
of the background geometry is taken into account by an emitted quantum of energy E with 
electric charge q. Thus, when a charged particle tunnels out, the black holes's mass and also 
electric charge will change for the conservation of energy and charge. 

In order to consider the effect of the electromagnetic field, it is necessary to take into 
account Maxwell gravity system comprises of the black hole and the electromagnetic field 
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outside the hole. The lagrangian function of the Maxwell gravity system should be written 

as 

L = Lraatt. + -^^ei.i (14) 

where Lei. = —\FiiuF^^ is the lagrangian function, while the Maxwell field F^^^ must take 
on the form 

Studying the behavior of Coulomb-like field within the noncommutativity framework have 
already been investigated in Refs. . The Electric field E{r ; 6) is found by solving the 
following Maxwell equations with a Gaussian-profile of smearing-charge source along the 
time direction: 

^ d,{V^F^'')=p,,6l (16) 



which is given as 

2Q /3 r2 



The regular behavior of the Coulomb-like field at the origin is clear. In the limit of 9^0, 
the lower incomplete Gamma function reduces to the complete Gamma function r(|), and 
one recovers the ordinary Coulomb field. The last equality of the Eq. ( IT5l) defines F'^'^ in 
terms of the 4-potential and corresponds to the generalized coordinates 0^ = (0, 0, 0, 0) js^], 
where the Coulomb-like potential is the only non-zero component of the electromagnetic 
potential 0^ and can be obtained as follows: 



0^</>(r;^) 



Q 



■ (18) 



In the above equation, pFg shows the hypergeometric series defined in terms of the pochham- 



mer symbol as follows: 

oo z"' ^Y[i=iPochhammer{ai,n] 

pFq (ai, . . . , ap ; bi, . . . ,bq ; z) = ^ — y 

"=o n\ I YVj=i pochhammer{bj,n] 



where, for example, pochhammer{ai,n) = ai{ai + 1) . . . (a^ -|- n — 1). The second term, 
r ^0, ^j, is the upper incomplete Gamma function which is defined as 



The last term of the Eq. (fT8|) . 7, is the Enter' s constant that is approximately equal to 
0.577215. To have a clear depiction, we have computed the numerical results of both the 
noncommutative Coulomb-like potential and commutative case which are shown in Fig. [21 
When a charged particle passes through the event horizon, the whole system will transit 
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radius 



FIG. 2: The electrostatic potential (per unit charge) versus the radius. The upper curve is the ordinary Coulomb potential 
and the lower curve is the result of noncommutativity. The regular behavior of the the Coulomb-like potential at the origin 
can be easily seen from the lower curve. 

from one state to another. In order to remove the freedom equivalent to due to the fact 
that it is an ignorable coordinate, the action is then found to be 



L 



dt. 



(19) 



where is the canonical momentum conjugate to (p. Since the characteristic wavelength 
of the radiation is always haphazardly small near the horizon due to the infinite blue-shift 
there, so that the wave-number reaches infinity and the WKB approximation is reliable close 
to the horizon. In the WKB approximation, the probability of tunneling or emission rate for 
the classically forbidden region as a function of the imaginary part of the particle's action 



59| 



at stationary phase would take the form 

r ~ exp(— 2Im /). 



(20) 



To calculate the imaginary part of the action we consider a spherical shell to consist of 
components of the charged massive particles each of which travels on a radial timelike 



geodesic, so that we will use these radial timelike geodesies like an s-wave outgoing positive 
energy particle which pass through the horizon outwards from rj„ to Tout to compute the 
Im /, as follows 



fTout I P (j) \ r'l'out 

Im J = Im / \ Pr — I dr = Im 

r 



dPi - -dP' 



(0,0) 



dr. 



(21) 



we now alter the integral variables by using Hamilton's equations 

dH I _ d(M-E) _ dE 



r 



dPr I (r; </>, P^) 
dH I 



dPr 



dPr 



a) 

y/ dp^- 



(22) 



Hence, the imaginary part of the action gives the following expression: 



Im / = — Im 



'^out 



(^•"^ dE' 



+ 



-dq' 



dr. 



(23) 

'(0,0) r r 

Substituting the expression of f from f|T3l) into fl23|) . under the condition that the self- 
gravitation effect of the particle itself is included, we have. 



Im / 



where 



-Im 



(E,,) 2r^2M'g^r - Q'g\ ^ 2r (f){Q - q') ^2M^^r - Q'|^ 
(0,0) r^-2M',^r + Q'i/^'^ - 2M',^r + Q'^ 



dr., 
(24) 



M',^ = Me+{M-E',Q-q') 
Q'^^^Q,^(M-E',Q-q'). 
The r integral has a pole at the outer horizon where lies along the line of integration. This 
integral can be done first by deforming the contour and it yields to (— Tri) times the residue. 
Note that we require rj„ > rout where: 



'\2' 48 

2(M-E) ^j3 rl^t 
2' 40 




2M„ / 3 r 



TT M 2 ' 46 / vr I M 2 ' 49 
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Vlf^l 2' # 



^ ^ ' TT ' I 2 ' 49 
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' out /-y 



1 K 



V2e ' V 2 ' 29 



{E,q) „/2 



(0,0) ' 9+ 



r/,_L - rn 



TT 



(0,0) 



--dq' 



(25) 



r^i = re±(M-i?',Q-g') 
= -0(g - g') 



k' = n{M - E',Q - q') 
10 



In the above expressions, V' and k', respectively, are the electro-potential on the event 
horizon and the horizon surface gravity in which self-gravitations are comprised. Here, 
utilizing the first low of black hole thermodynamics, dM = ^dS + VdQ, one can find the 



imaginary part of the action as 44 



53| 



1 rSNc{M-E,Q-q) 

Im/ = --/ dS = --ASNciM,Q,E), (26) 

^ JSnc{M,Q) ^ 

where ASnc{M, Q, E) is the difference in noncommutative black hole entropies before and 
after emission. Since, both particle and anti-particle (which corresponds to a time reversed 
situation and it can be seen that as backward in time by replacing -y/^^H«± _ i^y 



2Me+ Qe+ 



p-, in the metric f lTU]) ) anticipate in the emission rate for the Hawking process 
via tunneling with same amounts, therefore we should have to add their amplitudes first 
and then to square it to obtain the emission probability, 

r ~ exp(-2Im /) ~ exp {ASnc{M, Q, E)) = exp[SMc{M -E,Q-q)- Smc{M, Q)]. (27) 

Hawking radiation as tunneling was also investigated in the context of black holes in string 



theory [4^, and it was exhibited that the emission rates in the high energy corresponds to a 
difference between counting of states in the microcanonical and canonical ensembles. Thus 
at higher energies the emission spectrum cannot be precisely thermal due to the fact that 
the high energy corrections arise from the physics of energy and charge conservation with 
noncommutativity corrections. In fact, the emission rate f l27|) deviates from the pure thermal 



emission but is consistent with an underlying unitary quantum theory and support the 

th 



conservation of information [54] . The question which arises here is the possible dependencies 
between different modes of radiation during the evaporation Ssj-S^ and then the time- 



evolution of these possible correlations which needs further investigation and probably shed 
more light on information loss problem. This problem is currently under investigation. 



IV. SUMMARY 



The generalization of the standard Hawking radiation via tunneling through the event 
horizon based on the solution of the Eq. (!20i) within the context of coordinate coherent 
state noncommutativity has been studied and then the new corrections of the emission rate 
based on noncommutative framework has been achieved. To describe the noncommutative 
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behavior of an electro-gravitational system, we have extended the Parikh-Wilczek tunnelling 
process to calculate the tunneling probability of a charged massive particle from the Reissner- 
Nordstrom black hole within the framework of noncommutative quasi coordinates. Studying 
its behavior shows that, as expected, the emission rate is consistent with the unitary theory 
and satisfies the first law of black hole thermodynamics. 
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